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Abstract
We prove a family of Weitzenbo¨ck formulas on a Riemannian foliation with to-
tally geodesic leaves. These Weitzenbo¨ck formulas are naturally parametrized by the
canonical variation of the metric. As a consequence, under natural geometric condi-
tions, the horizontal Laplacian satisfies a generalized curvature dimension inequality.
Among other things, this curvature dimension inequality implies Li-Yau estimates for
positive solutions of the horizontal heat equation, sharp eigenvalue estimates and a
sub-Riemannian Bonnet-Myers compactness theorem whose assumptions only rely on
the intrinsic geometry of the horizontal distribution.
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1 Introduction
In the recent few years, there has been a great deal of interest in developing geometric
analysis methods in sub-Riemannian geometry that parallel the methods which are avail-
able in Riemannian geometry (see for instance [1, 2] and the references therein). One
of these fundamental methods is the Bochner method which connects the geometry and
topology of the ambient manifold to the analysis of a second order differential operator,
the Laplace-Beltrami operator. In all generality, there is no canonical second-order op-
erator on a sub-Riemannian manifold, see [21] for a closely related discussion. However,
in many interesting situations, like in the Hopf fibrations, the sub-Riemannian geometry
of interest is associated to the horizontal distribution of a Riemannian foliation. In that
particular case, there is a canonical sub-Riemannian Laplacian: the horizontal Laplacian
of the foliation. With such an operator in hand, it is then natural to wonder if a suit-
able analogue of Bochner’s formalism would make the bridge between the analysis of this
horizontal Laplacian and the sub-Riemannian geometry and the topology of the ambient
manifold.
In the present paper, we prove that on a Yang-Mills type Riemannian foliation with
totally geodesic leaves and a bracket generating horizontal distribution many fundamental
tools are available to study the horizontal Laplacian and the associated sub-Riemannian
geometry. These tools include Li-Yau type gradient estimates for positive solutions of the
heat equation and associated Harnack inequalities, volume comparison theorems for the
metric balls, sharp Sobolev inequalities, sharp first eigenvalue estimates and corresponding
rigidity results. Our work here builds on several previous works, notably [9, 10, 11], where
it is proved that, if a certain curvature dimension inequality and some further assumptions
are satisfied, then the above tools are automatically available. So, our main contribution
here is to prove that this inequality and assumptions are satisfied in any Riemannian
foliation with totally geodesic leaves if the following natural geometric conditions are
fulfilled: completeness of the metric, uniform bracket generating condition, global lower
bound on the horizontal Ricci curvature and global upper bound on the torsion of the Bott
connection. Proving the curvature dimension estimate under these assumptions is not easy
and our analysis relies on new taylor-made Bochner-Weitzenbo¨ck type inequalities for a
suitable one-parameter family of sub-Laplacians on one-forms.
It is now time to give more details on our contribution. In the work [11] the authors
proved that on a sub-Riemannian manifold with transverse symmetries, assuming nat-
ural geometric conditions, the sub-Laplacian satisfies a generalized curvature dimension
inequality. Among other things, this curvature dimension estimate implies Li-Yau in-
equalities for positive solutions of the heat equation [9, 11], Gaussian lower and upper
bounds for the subelliptic heat kernel [9, 11], log-Sobolev and isoperimetric inequalities
[8, 13], volume and distance comparison estimates [10] and a Bonnet-Myers type theorem
[11]. Recently, it has been pointed out by Elworthy [20] that sub-Riemannian manifolds
with transverse symmetries can be seen as Riemannian manifolds with bundle like metrics
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which are foliated by totally geodesic leaves. The goal of the present work is two-fold:
• We actually prove that on any Yang-Mills type Riemannian foliation with bundle
like metric and totally geodesic leaves, under natural geometric conditions, the hor-
izontal Laplacian satisfies the curvature dimension estimate introduced in [11]. As
a consequence, all the results proved in [8, 9, 10, 11, 12, 13, 23] apply in this more
general case.
• We simplify the original approach of [11] by working out new Weitzenbo¨ck type
identities for the horizontal Laplacian which we think are interesting in themselves.
These Weitzenbo¨ck identities easily imply not only the curvature dimension esti-
mate but also the stochastic completeness of the heat semigroup, which is a crucial
ingredient to run the machinery developed in [11].
The paper is organized as follows. In Section 2, we give the basic definitions and conven-
tions that will be used throughout the text. In Section 3, we introduce a canonical one
parameter family of horizontal Laplacians on one-forms and prove Weitzenbo¨ck-Bochner’s
type inequalities for this family of horizontal Laplacians. In Section 4, we prove the gen-
eralized curvature dimension inequality. We point out that, unlike many previous works
on Riemannian foliations (see [25, 26] and the references therein), our results in Section 4
actually concern the sub-Riemannian geometry associated to the horizontal distribution
and are not restricted to the transversal geometry of the foliation.
Acknowledgments: F. Baudoin would like to thank Pr. K. D. Elworthy for stimulating
discussions. All the authors thank an anonymous referee for an exceptional level of reading
and valuable comments. The paper in this form greatly benefited from those comments.
2 Preliminaries
Let M be a smooth, connected manifold with dimension n + m. We assume that M is
equipped with a Riemannian foliation F with bundle-like metric g and totally geodesic m-
dimensional leaves (see the classical monograph by Tondeur [25] for the basic properties of
such foliations). Prototype examples of such foliations arise in the context of Riemannian
submersions. If π : M → N is a Riemannian submersion whose fibers are totally geodesic
in M, then the foliation of M by the fibers of π gives a totally geodesic foliation with
bundle-like metric on M. Actually, any totally geodesic foliation with bundle like metric
can locally be described by such submersion (see [6]).
As we will see, the totally geodesic foliation framework is the good setting to extend the
generalized curvature dimension developed in [11]. An interesting class of examples of
homogeneous spaces that fall in the present framework and not in the one of [11] is the
following. This class of examples encompasses all the generalized Hopf fibrations (see
Chapter 9, Section H in [19]).
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Example 2.1 Let G be a Lie group, and H,K be two compact subgroups of G with
K ⊂ H. Then, we have a natural fibration given by the coset map
π : G/K → G/H
αK → αH,
where the fiber is H/K. From [17], there exist G-invariant metrics on respectively G/K
and G/H that make π a Riemannian submersion with totally geodesic fibers isometric to
H/K. It is then easily seen that G/K is endowed with a structure of sub-Riemannian
manifold with transverse symmetries in the sense of [11] if and only if K is the trivial
subgroup {e}. In that case, the group of transverse symmetries is isometric to H.
The sub-bundle V formed by vectors tangent to the leaves is referred to as the set of
vertical directions. The sub-bundle H which is normal to V is referred to as the set of
horizontal directions. The metric g can be split as
g = gH ⊕ gV ,
and for later use, we introduce the one-parameter family of Riemannian metrics:
gε = gH ⊕ 1
ε
gV , ε > 0,
which is going to play a pervasive role in the sequel. It is called the canonical variation of
g, see Chapter 9 G in the monograph by Besse [19].
There is a canonical connection on M, the Bott connection, which is given as follows:
∇XY =


πH(∇RXY ),X, Y ∈ Γ∞(H)
πH([X,Y ]),X ∈ Γ∞(V), Y ∈ Γ∞(H)
πV([X,Y ]),X ∈ Γ∞(H), Y ∈ Γ∞(V)
πV(∇RXY ),X, Y ∈ Γ∞(V)
where ∇R is the Levi-Civita connection and πH (resp. πV) the projection on H (resp. V).
It is easy to check that for every ε > 0, this connection satisfies ∇gε = 0.
For local computations, it will be convenient to work in local frames that are adapted to
the geometry of the foliation.
Lemma 2.2 Let x ∈ M. Around x, there exist a local orthonormal horizontal frame
{X1, · · · ,Xn} and a local orthonormal vertical frame {Z1, · · · , Zm} such that the following
structure relations hold
[Xi,Xj ] =
n∑
k=1
ωkijXk +
m∑
k=1
γkijZk
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[Xi, Zk] =
m∑
j=1
βjikZj ,
where ωkij, γ
k
ij , β
j
ik are smooth functions such that:
βjik = −βkij .
Moreover, at x, we have
ωkij = 0, β
k
ij = 0.
Proof. Since the statement is local, we can assume that the Riemannian foliation comes
from a Riemannian submersion with totally geodesic fibers. We fix x ∈M throughout the
proof.
Let X1, . . . ,Xn be a local orthonormal horizontal frame around x consisting of basic vector
fields for the submersion. We can assume that, at x, ∇XiXj = 0. Let now Z1, . . . , Zm be
any local orthonormal vertical frame around x. Since Xi is basic, the vector field [Xi, Zm]
is tangent to the leaves. We write the structure constants in that local frame:
[Xi,Xj ] =
n∑
k=1
ωkijXk +
m∑
k=1
γkijZk
[Xi, Zk] =
m∑
j=1
βjikZj ,
and observe that at the center x of the frame, we have ωkij = 0. Moreover, since Xi is
basic and the submersion has totally geodesic fibers, the flow generated by Xi induces an
isometry between the leaves (see Besse [19], Chapter 9), as a consequence we have the
skew-symmetry,
βjik = −βkij .
Also for later use, we record the fact that in this frame the Christofell symbols of the Bott
connection are given by

∇XiXj = 12
∑n
k=1
(
ωkij + ω
j
ki + ω
i
kj
)
Xk
∇ZjXi = 0
∇XiZj =
∑m
k=1 β
k
ijZk
It remains to prove that we can also assume that, at the center x, βkij = 0. It is enough
to prove that there exists a local orthonormal vertical frame Z1, · · · , Zm such that for any
horizontal field X, we have at x, ∇XZi = 0. To this end, we use an argument inspired by
[22], Corollary 2.22.
Let u1, · · · , un be an orthonormal frame of Hx and v1, · · · , vm be an orthonormal frame
of Vx. Let us denote by x1, · · · , xn, z1, · · · , zm the coordinates near x obtained from the
exponential map expx(
∑n
i=1 xiui +
∑m
i=1 zivi) of the Bott connection ∇. We have at x,
∇∂xi∂zj +∇∂zj ∂xi = 0.
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Since at x, the torsion T (∂xi , ∂zj ) is zero because ui is horizontal and vj vertical, we deduce
that at x
∇∂xi∂zj = ∇∂zj ∂xi = 0.
We now define Zk to be the orthogonal projection of ∂zk onto the vertical bundle. The
Zk’s form a local vertical frame around x. If X is any smooth vector field around x, we
know that the verticality of Zk implies on one hand that ∇XZk is vertical. On the other
hand, we can write
∇XZk = ∇X(Zk − ∂zk) +∇X∂zk
The vector ∇X(Zk − ∂zk) is horizontal and, at x, ∇X∂zk = 0, thus at x, ∇XZk is also
horizontal. This implies ∇XZk = 0, at x. The Gram-Schmidt orthonormalization of
Z1, · · · , Zm gives then the expected local vertical frame. 
We define the horizontal gradient ∇Hf of a function f as the projection of the Riemannian
gradient of f on the horizontal bundle. Similarly, we define the vertical gradient ∇Vf of a
function f as the projection of the Riemannian gradient of f on the vertical bundle. The
horizontal Laplacian L is the generator of the symmetric Dirichlet form:
EH(f, g) = −
∫
M
〈∇Hf,∇Hg〉Hdµ,
where µ is the Riemannian volume. It is a diffusion operator L on M which is symmetric
on C∞0 (M) with respect to the volume measure µ. A routine computation shows that in
the above local frame,
L =
n∑
i=1
∇Xi∇Xi −∇∇XiXi .
It should be noted that if we assume the horizontal distribution to be bracket-generating
(which we do not until Section 4), then from Ho¨rmander’s theorem L is a hypoelliptic
diffusion operator and (M,H, gH) is a sub-Riemannian structure. We mention that in all
generality, even in the two-step generating case, the Popp measure of this sub-Riemannian
structure which appears as a natural volume form on the manifold (see [5]), does not
need to coincide with a constant multiple of the Riemannian volume measure. This is
however the case in some interesting examples like Carnot groups of step 2 or CR Sasakian
manifolds. We also mention that while the horizontal gradient is intrinsically associated
to the sub-Riemannian structure (M,H, gH), the vertical gradient is not: It comes from
the additional choice of the vertical complement V to the horizontal distribution.
We now introduce some tensors that will play an important role in the sequel.
For Z ∈ Γ∞(V), there is a unique skew-symmetric endomorphism JZ : Hx → Hx such
that for all horizontal vector fields X and Y ,
gH(JZ(X), Y ) = gV(Z, T (X,Y )). (2.1)
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where T is the torsion tensor of ∇. We then extend JZ to be 0 on Vx. Also, if Z ∈
Γ∞(H(M)), from (2.1) we set JZ = 0. If Z1, . . . , Zm is a local vertical frame, the operator∑m
ℓ=1 JZℓJZℓ does not depend on the choice of the frame and shall concisely be denoted
by J2. For instance, if M is a K-contact manifold equipped with the Reeb foliation, then
J is an almost complex structure, J2 = −IdH.
The horizontal divergence of the torsion T is the (1, 1) tensor which is defined in a local
horizontal frame X1, . . . ,Xn by
δHT (X) = −
n∑
j=1
(∇XjT )(Xj ,X).
The g-adjoint of δHT will be denoted δ
∗
HT .
By declaring a one-form to be horizontal (resp. vertical) if it vanishes on the vertical
bundle V (resp. on the horizontal bundle H), the splitting of the tangent space
TxM = Hx ⊕ Vx
gives a splitting of the cotangent space.
The metric gε induces then a metric on the cotangent bundle which we still denote gε.
By using similar notations and conventions as before we define pointwisely for every η in
T ∗xM,
‖η‖2ε = ‖η‖2H + ε‖η‖2V .
By using the duality given by the metric g, (1, 1) tensors can also be seen as linear maps on
the cotangent bundle T ∗M. More precisely, if A : Γ∞(TM)→ Γ∞(TM) is a (1, 1) tensor,
we will still denote by A the fiberwise linear map on the cotangent bundle which is defined
as the g-adjoint of the dual map of A. Namely A : Γ∞(T ∗M) → Γ∞(T ∗M) is such that
for any η, ξ ∈ Γ(T ∗M), 〈Aη, ξ〉 = ξ(Aη♯) where ♯ is the standard musical isomorphism.
The same convention will be made for any (r, s) tensor. As a convention, unless explicitly
mentioned otherwise in the text, the inner product duality will always be understood with
respect to the reference metric g (and not gε).
We define then the horizontal Ricci curvature RicH as the fiberwise symmetric linear map
on one-forms such that for every smooth functions f, g,
〈RicH(df), dg〉 = Ricci(∇Hf,∇Hg),
where Ricci is the Ricci curvature of the connection ∇.
If V is a horizontal vector field and ε > 0, we consider the fiberwise linear map from the
space of one-forms into itself which is given for η ∈ Γ∞(T ∗M) and Y ∈ Γ∞(TM) by
TεV η(Y ) =
{
1
εη(JY V ), Y ∈ Γ∞(V)
−η(T (V, Y )), Y ∈ Γ∞(H)
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and TεV = 0 when V is a vertical vector field. We observe that T
ε
V is skew-symmetric for
the metric gε so that ∇− Tε is a gε-metric connection.
If Z1, . . . , Zm is a local vertical frame of the leaves as above, we denote
J(η) = −
m∑
ℓ=1
JZℓ(ιZℓdηV),
where ηV is the the projection of η to the vertical cotangent bundle and ι the usual interior
product. Of course, J does not depend on the choice of the frame.
If η is a one-form, we define the horizontal gradient in a local adapted frame of η as the
(0, 2) tensor
∇Hη =
n∑
i=1
∇Xiη ⊗ θi.
where θi, i = 1, . . . , n is the dual of Xi. We denote by ∇#Hη the symmetrization of ∇Hη.
Similarly, we will use the notation
TεHη =
n∑
i=1
TεXiη ⊗ θi.
Finally. we will still denote by L the covariant extension on one-forms of the horizontal
Laplacian
L = −∇∗H∇H.
3 Bochner-Weitzenbo¨ck formulas for the horizontal Lapla-
cian
For ε > 0, we consider the following operator which is defined on one-forms by
ε = −(∇H − TεH)∗(∇H − TεH)−
1
ε
J2 +
1
ε
δHT −RicH, (3.2)
where the adjoint is understood with respect to the (L2, gε) product on sections, i.e.∫
M
〈·, ·〉εdµ. It is easily seen that, in the local frame,
−(∇H − TεH)∗(∇H − TεH) =
n∑
i=1
(∇Xi − TεXi)2 − (∇∇XiXi − T
ε
∇XiXi
), (3.3)
Before we proceed to study the main geometric properties of ε, it may be useful to
explain where this operator comes from. One of the main motivations of the present
work was to explain, in the correct geometric setting, the Bochner’s identities of [11].
More precisely, its is well known that the celebrated Bochner’s formula on Riemannian
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manifolds is the consequence of the Weitzenbo¨ck formula on one-forms, and we wanted to
check if this is also the case in the framework of [11] and in the more general framework
of foliations. This motivation leads to study second order operators G on one-forms such
that for f ∈ C∞0 (M),
dLf = Gdf,
where d is the usual exterior derivative. Obviously there are infinitely many operators G
that satisfy the above intertwining, and as we will see ε is only one of them. It is however
remarkable among such G’s in at least two ways:
• It is first remarkable that it can be written in the form ε = −(∇ε)∗H∇εH+R, where
∇ε is a connection which is metric for gε and where R is 0-th order term. This
special form allows to write a Bochner’s inequality for the metric gε and use the
stochastic method to prove stochastic completeness of the semigroup generated by
L: We refer to section 4 for a further explanation of this fact.
• Sending the parameter ε to ∞, we get an operator denoted ∞. If the Riemannian
foliation comes from a Riemannian submersion, then ∞ can be interpreted as a
lift of the Hodge-de Rham Laplacian of the base space of the submersion. Then,
similarly to Proposition 3.2 in [7], it is easy to check that for any fiberwise linear
map Λ from the space of two-forms into the space of one-forms, and any x ∈M, we
have
inf
η,‖η(x)‖ε=1
(
1
2
(L‖η‖2ε)(x)− 〈(∞ + Λ ◦ d)η(x), η(x)〉ε
)
≤ inf
η,‖η(x)‖ε=1
(
1
2
(L‖η‖2ε)(x)−
〈(
∞ − 1
ε
T ◦ d
)
η(x), η(x)
〉
ε
)
,
where in the above notation, the torsion tensor T is interpreted, by duality, as a
fiberwise linear map from the space of two-forms into the space of one-forms. In
Lemma 3.4, we will prove that ∞ − 1εT ◦ d = ε/2. As a consequence ε/2 can
be identified with the operator G which satisfies dL = Gd, has the same principal
symbol as −∇∗H∇H and which has the largest Weitzenbo¨ck type curvature for the
metric gε. Let us note that it is however more convenient to work with ε instead
of ε/2 because of the previous point; this does not change anyting in terms of
curvature quantities and optimal constants.
The following theorem is the main result of the section
Theorem 3.1 Let f ∈ C∞(M), we have
dLf = εdf,
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and for η = df , the following Bochner’s inequality holds
1
2
L‖η‖2ε − 〈εη, η〉ε
=‖∇Hη − TεHη‖2ε + 〈RicH(η), η〉H − 〈δHT (η), η〉V +
1
ε
〈J2(η), η〉H
≥ 1
n
(
TrH∇#Hη
)2
− 1
4
TrH(J
2
η ) + 〈RicH(η), η〉H − 〈δHT (η), η〉V +
1
ε
〈J2(η), η〉H
The remainder of the section is devoted to the proof of this result.
Since the result is local, we can assume that the foliation comes from a totally geodesic
submersion and work in the frame {X1, . . . ,Xn, Z1, . . . , Zm} of Lemma 2.2. The dual
coframe of {X1, . . . ,Xn, Z1, . . . , Zm} will be denoted {θ1, . . . , θn, ν1, . . . , νm} and a generic
one-form η will be written, η =
∑n
i=1 fiθi +
∑m
ℓ=1 gℓνℓ.
Lemma 3.2 At x,
• Ricci(Xi,Xk) =
∑n
j=1
(
1
2Xj(ω
j
ik − ωkij − ωikj)−Xiωjjk
)
.
• Ricci(Zℓ,Xk) = −
∑n
j=1 Zℓω
j
jk = 0.
• J(η) =∑ni,j=1∑mℓ=1 γℓji(Xigℓ)θj .
• δHT (η) = −
∑n
i,j=1
∑m
ℓ=1
(
Xiγ
ℓ
ij
)
fjνℓ.
• δ∗HT (η) =
∑n
i,j=1
∑m
k=1
(
Xjγ
k
ij
)
gkθi.
• TεXiη =
∑n
j=1
∑m
ℓ=1
(
γℓijgℓθj − 1εγℓijfjνℓ
)
• 〈J2(η), η〉H = −
∑m
ℓ=1
∑n
i=1
(∑n
j=1 γ
ℓ
ijfj
)2
Proof. The computations are routine. We just point out that the vanishing ofRicci(Zℓ,Xk)
comes from the fact that sinceXk and∇XiXk are basic and [Xi, Zℓ] is tangent to the leaves,
we have at x, ∇ZℓXk = ∇Zℓ∇XiXk = ∇[Xi,Zℓ]Xk = 0.

Lemma 3.3 Let ∞ be the operator defined on one-forms by
∞ = L+ 2J−RicH + δ∗HT,
then for any f ∈ C∞(M),
dLf = ∞df.
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Proof. We compute,
dLf − Ldf =
n∑
i=1
([Xi, L]f)θi − (Xif)Lθi −
n∑
j=1
2(XjXif)∇Xjθi
+
m∑
ℓ=1
([Zℓ, L]f)νℓ − (Zℓf)Lνℓ −
n∑
j=1
2(XjZℓf)∇Xjνℓ.
(3.4)
Now, at the center x of the frame, we have ∇Xjθi = ∇Xjνℓ = 0, and
Lθi =
n∑
j,k=1
(−XjΓijk)θk, Lνℓ =
n∑
j=1
m∑
k=1
(−Xjβℓjk)νk. (3.5)
where the Γkij ’s are the Cristofell symbols of the Bott connection. We also easily compute
[Zℓ, L]f =
m∑
j=1
(−
n∑
i=1
Xiβ
j
iℓ)Zjf
and
[Xi, L]f =
n∑
j=1
m∑
ℓ=1
2γℓijXjZℓf +
m∑
ℓ=1
(
n∑
j=1
Xjγ
ℓ
ij)Zℓf +
n∑
j,k=1
(Xkω
j
ik −Xiωkjk)Xjf. (3.6)
If we plug this in (3.4), then the second line of (3.4) turns out to be 0 and we deduce from
Lemma 3.2 that at x, we have
dLf − Ldf = 2J(df)−RicH(df) + δ∗HT (df).
This completes the proof. 
Let us consider the map T : Γ∞(∧2T ∗M) → Γ∞(T ∗M) which is given in the local frame
by,
T (θi ∧ θj) = −γℓijνℓ, T (θi ∧ νk) = T (νk ∧ νℓ) = 0.
Lemma 3.4 For ε > 0
ε = ∞ − 2
ε
T ◦ d.
Proof. A direct computation shows that, at the center x, for any η =
∑n
j=1 fjθj +
11
∑m
k=1 gkνk, we have
− (∇H − TεH)∗(∇H − TεH)η
=
n∑
i,j=1
(
X2i fj −
m∑
ℓ=1
Xi(γ
ℓ
ijgℓ)−
n∑
k=1
(XiΓ
k
ij)fk
)
θj
+
m∑
ℓ=1

 n∑
i=1
X2i gℓ +
1
ε
n∑
i,j=1
Xi(γ
ℓ
ijfj) +
n∑
i=1
m∑
k=1
Xi(β
ℓ
ikgk)

 νℓ
+
1
ε
n∑
i,j=1
m∑
k=1
(
Xifj −
m∑
ℓ=1
γℓijgℓ
)
γkijνk −
n∑
i,h=1
m∑
ℓ=1

Xigℓ + 1
ε
n∑
j=1
γℓijfj

 γℓihθh
Therefore, we have(
−(∇H − TεH)∗(∇H − TεH)−
1
ε
J2
)
η =
(
L+ 2J− 2
ε
T ◦ d+ δ∗HT −
1
ε
δHT
)
η.
By using the definition of ∞ we immediately obtain the conclusion. 
Lemma 3.5 For any η ∈ Γ∞(T ∗M),
1
2
L‖η‖2ε − 〈εη, η〉ε = ‖∇Hη − TεHη‖2ε + 〈RicH(η), η〉H − 〈δHT (η), η〉V +
1
ε
〈J2(η), η〉H.
Proof. First note that
ε = ∞ − 2
ε
T ◦ d = L+ 2J−RicH + δ∗HT −
2
ε
T ◦ d,
and since δ∗HT (η) and Ric(η) are horizontal while δHT (η) is vertical, we have
〈RicH(η), η〉ε = 〈RicH(η), η〉H, 〈δ∗HT (η), η〉ε = 〈δHT (η), η〉V .
Therefore it is equivalent to show that
1
2
L‖η‖2ε −
〈(
L+ 2J− 2
ε
T ◦ d
)
η, η
〉
ε
= ‖∇Hη − TεHη‖2ε +
1
ε
〈
J2(η), η
〉
H
. (3.7)
We now compute that, at the center x,
1
2
L‖η‖2ε −
〈(
L+ 2J− 2
ε
T ◦ d
)
η, η
〉
ε
(3.8)
=‖∇Hη‖2H + ε‖∇Hη‖2V + 2
n∑
i,j=1
m∑
ℓ=1
γℓij(Xigℓ)fj − 2
n∑
i,j=1
m∑
k,ℓ=1
γℓij(Xifj −
1
2
γkijgk)gℓ.
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and
‖∇Hη − TεHη‖2ε =
n∑
i,j=1
(
Xifj −
m∑
ℓ=1
γℓijgℓ
)2
+ ε
m∑
ℓ=1
n∑
i=1

Xigℓ + 1
ε
n∑
j=1
γℓijfj


2
= ‖∇Hη‖2H + ε‖∇Hη‖2V − 2
n∑
i,j=1
m∑
ℓ=1
(Xifj)γ
ℓ
ijgℓ +
n∑
i,j=1
m∑
k,ℓ=1
γℓijγ
k
ijgℓgk
+ 2ε
n∑
i=1
m∑
ℓ=1
(Xigℓ)

1
ε
n∑
j=1
γℓijfj

+ ε m∑
ℓ=1
n∑
i=1

1
ε
n∑
j=1
γℓijfj


2
The claim easily follows. 
Proposition 3.6 Let f ∈ C∞(M). With η = df , we have
1
2
L‖η‖2ε − 〈εη, η〉ε
≥ 1
n
(
TrH∇#Hη
)2
− 1
4
TrH(J
2
η ) + 〈RicH(η), η〉H − 〈δHT (η), η〉V +
1
ε
〈J2(η), η〉H
Proof. We have
‖∇Hη − TεHη‖2H =
n∑
i,j=1
(
Xifj −
m∑
ℓ=1
γℓijgℓ
)2
.
We now compute
n∑
i,j=1
(
Xifj −
m∑
ℓ=1
γℓijgℓ
)2
=
1
2
n∑
i,j=1
(
Xifj −
m∑
ℓ=1
γℓijgℓ
)2
+
(
Xjfi +
m∑
ℓ=1
γℓijgℓ
)2
=
1
4
n∑
i,j=1
(Xifj +Xjfi)
2 +
(
Xjfi −Xifj + 2
m∑
ℓ=1
γℓijgℓ
)2
Since η = df , we have at the center of the frame x,
Xjfi −Xifj = −
m∑
ℓ=1
γℓijgℓ.
Thus,
‖∇Hη − TεHη‖2H = ‖∇#Hη‖2H +
1
4
n∑
i,j=1
(
m∑
ℓ=1
γℓijgℓ
)2
,
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and from Cauchy-Schwarz inequality, we conclude
‖∇Hη − TεHη‖2ε = ‖∇#Hη‖2ε +
1
4
n∑
i,j=1
(
m∑
ℓ=1
γℓijgℓ
)2
+ ε‖∇Hη − TεHη‖2V
≥ 1
n
(
TrH∇#Hη
)2
− 1
4
TrH(J
2
η ).

We are now finally in position to conclude the proof of Theorem 3.1.
Proof of Theorem 3.1
From Lemma 3.3 and 3.4 we immediately obtain that
dLf = εdf,
for all f ∈ C∞(M). The second part is Lemma 3.5 and Proposition 3.6.
4 Stochastic completeness
Throughout the section we consider, as above, a smooth connected manifold M which
is equipped with a Riemannian foliation with bundle like metric g and totally geodesic
leaves. We also assume that for every horizontal one-form η ∈ Γ∞(H∗),
〈RicH(η), η〉H ≥ −K‖η‖2H, −〈J2η, η〉H ≤ κ‖η‖2H,
with K,κ ≥ 0.
We moreover assume that the metric g is complete and that the horizontal distribution
H of the foliation is bracket-generating and Yang-Mills (see Besse [19], Definition 9.35).
The hypothesis that H is bracket generating implies that the horizontal Laplacian L
is hypoelliptic and it is easily seen that with our notations the Yang-Mills condition is
equivalent to the fact that
δHT = 0.
The operator
ε = −(∇H − TεH)∗(∇H − TεH)−
1
ε
J2 −RicH.
that we introduced in the previous section is then symmetric for the (L2, gε) product
on sections. We observe that without the Yang-Mills condition, the operator ε is not
symmetric and thus we can not use the classical theory of self-adjoint operators to define
the semigroup generated by it. Lemma 4.1 below would then need to be interpreted in a
completely different way. Even if we assume a lower bound on δHT , it is not clear how to
prove the stochastic completeness (Theorem 4.2 below). Interestingly in [11], though the
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method is completely different, the Yang-Mills is also crucially used to prove the stochastic
completeness.
The completeness of the metric g implies that the horizontal Laplacian L is essentially self-
adjoint on the space of smooth and compactly supported functions and that the operator
ε is essentially self-adjoint on the space of smooth and compactly supported one-forms
(see the argument in Lemma 4.3 of [7]).
Sinceε is essentially self-adjoint, it admits a unique self-adjoint extension which generates
thanks to the spectral theorem a semigroup Qεt = e
tε . We will denote by Pt = e
tL the
semigroup generated by L. We have the following commutation property:
Lemma 4.1 If f ∈ C∞0 (M), then for every t ≥ 0,
dPtf = Q
ε
tdf.
Proof. Let ηt = Q
ε
tdf . By essential self-adjointness, it is the unique solution in (L
2, gε) of
the heat equation
∂η
∂t
= εη,
with initial condition η0 = df . From the fact that
dL = εd,
we see that αt = dPtf solves the heat equation
∂α
∂t
= εα
with the same initial condition α0 = df . In order to conclude, we thus just need to prove
that for every t ≥ 0, dPtf is in (L2, g) (and thus also in (L2, gε)). Let us denote by LV the
vertical (leaf) Laplacian. The Laplace-Beltrami operator of M is therefore ∆ = L + LV .
Since the leaves are totally geodesic, ∆ commutes with L on C2 functions (see [18]).
Moreover from the spectral theorem, Let∆ maps C∞0 (M) into L
2(M). We deduce by
essential self-adjointness that Let∆ = et∆L. Similarly we obtain esLet∆ = et∆esL which
implies ∆esL = esL∆. This equality implies that Psf = e
sLf is in the domain of ∆ and∫
M
(∆Psf)Psfdµ =
∫
M
(Ps∆f)Psfdµ
As a consequence we have that for every t ≥ 0, dPtf is in L2, and moreover∫
M
‖dPtf‖2dµ ≤ 1
2
(∫
M
‖∆f‖2dµ+
∫
M
f2dµ
)

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Theorem 4.2 For every ε > 0, t ≥ 0, x ∈M and f ∈ C∞0 (M),
‖dPtf(x)‖ε ≤ e(K+
κ
ε )tPt‖df‖ε(x).
As a consequence, the heat semigroup is conservative that is for every t ≥ 0, Pt1 = 1.
Proof. The idea is to use the Feynman-Kac stochastic representation of Qεt .
We denote by (Xt)t≥0 the symmetric diffusion process generated by
1
2L denote by e its
lifetime. In the sequel of the proof, the symbol ◦d denotes the Stratonovitch stochastic
derivative.
Consider the process τ εt : T
∗
Xt
M → T ∗X0M which is the solution of the following covariant
Stratonovitch stochastic differential equation:
◦ d[τ εt α(Xt)] = τ εt
(
∇◦dXt − Tε◦dXt −
1
2
(
1
ε
J2 +RicH
)
dt
)
α(Xt), τ
ε
0 = Id, (4.9)
where α is any smooth one-form. It is seen from the Stratonovitch integration by parts
formula that we have
τ εt =MεtΘεt (4.10)
where the process Θεt : T
∗
Xt
M→ T ∗X0M is the solution of the following covariant Stratonovitch
stochastic differential equation:
◦ d[Θεtα(Xt)] = Θεt (∇◦dXt − Tε◦dXt)α(Xt), Θε0 = Id (4.11)
The multiplicative functional (Mεt )t≥0 is the solution of the following ordinary differential
equation
dMεt
dt
= −1
2
MεtΘεt
(
1
ε
J2 +RicH
)
(Θεt)
−1, Mε0 = Id. (4.12)
Since Tε is skew-symmetric, ∇− Tε is a gε metric connection and Θεt is thus an isometry
for the Riemannian metric gε. From Gronwall’s lemma, we deduce then that the following
pointwise bound holds
‖τ εt α(Xt)‖ε ≤ e
1
2
(K+κε )t‖α(Xt)‖ε.
By the Feynman-Kac formula, we have for every smooth and compactly supported one-
form
Qεt/2η(x) = Ex (τ
ε
t η(Xt)1t<e) ,
where Ex denotes the expectation conditionally to X0 = x. Since dPt = Q
ε
td, it follows
easily that
‖dPtf(x)‖ε ≤ e(K+
κ
ε )tPt‖df‖ε(x).
It is well-known that this type of gradient bound implies the stochastic completeness of
Pt (see [3]). 
16
5 Curvature-dimension inequality, Li-Yau estimates and Bonnet-
Myers type theorem
Let M be a smooth, connected manifold with dimension n + m. We assume that M is
equipped with a Riemannian foliation F with bundle like metric g and totally geodesic
m-dimensional leaves for which the horizontal distribution is Yang-Mills. We also assume
that M is complete and that globally on M, for every η1 ∈ Γ∞(H∗) and η2 ∈ Γ∞(V∗),
〈RicH(η1), η1〉H ≥ ρ1‖η1‖2H, −〈J2η1, η1〉H ≤ κ‖η1‖2H, −
1
4
TrH(J
2
η2) ≥ ρ2‖η2‖2V ,
for some ρ1 ∈ R, κ, ρ2 > 0. The third assumption can be thought as a uniform bracket
generating condition of the horizontal distribution H and from Ho¨rmander’s theorem, it
implies that the horizontal Laplacian L is a subelliptic diffusion operator. We insist that
for the following results below to be true, the positivity of ρ2 is required.
We introduce the following operators defined for f, g ∈ C∞(M),
Γ(f, g) =
1
2
(L(fg)− gLf − fLg) = 〈∇Hf,∇Hg〉H
ΓV(f, g) = 〈∇Vf,∇Vg〉V
and their iterations which are defined by
Γ2(f, g) =
1
2
(L(Γ(f, g)) − Γ(g, Lf)− Γ(f, Lg))
ΓV2 (f, g) =
1
2
(L(ΓV(f, g)) − ΓV(g, Lf)− ΓV(f, Lg))
As a consequence of Theorem 3.1, we obtain
Theorem 5.1 For every f, g ∈ C∞(M), and ε > 0,
Γ2(f, f) + εΓ
V
2 (f, f) ≥
1
n
(Lf)2 +
(
ρ1 − κ
ε
)
Γ(f, f) + ρ2Γ
V(f, f), (5.13)
and
Γ(f,ΓV(f)) = ΓV(f,Γ(f)).
Proof. From Theorem 3.1, we have for every η = df ,
1
2
L‖η‖2ε − 〈εη, η〉ε ≥
1
n
(
TrH∇#Hη
)2
− 1
4
TrH(J
2
η ) + 〈RicH(η), η〉H +
1
ε
〈J2(η), η〉H.
Using this inequality and taking into account the assumptions
〈RicH(η1), η1〉H ≥ ρ1‖η1‖2H, −〈J2η1, η1〉H ≤ κ‖η1‖2H, −
1
4
TrH(J
2
η2) ≥ ρ2‖η2‖2V ,
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immediately yields the expected result. The intertwining Γ(f,ΓV(f)) = ΓV(f,Γ(f)) is
proved in Appendix A in [20] and easy to check in a local frame (see also [6]). 
Let us recall that the generalized curvature dimension inequality CD(ρ1, ρ2, κ, d) intro-
duced in [11] exactly writes as (5.13). Thus, combining Theorems 4.2 and 5.1, we see then
that all the results proved in the works [8, 9, 10, 11, 12, 13, 23] apply. We obtain therefore,
among many other things, the following results which are completely new in the context
of Riemannian foliations:
1) Li-Yau type inequalities: ([11]) For any bounded f ∈ C∞(M), such that f,
√
Γ(f),√
ΓV(f) ∈ L2µ(M), f ≥ 0, f 6= 0, the following inequality holds for t > 0:
Γ(lnPtf) +
2ρ2
3
tΓV(lnPtf)
≤
(
1 +
3κ
2ρ2
− 2ρ1
3
t
)
LPtf
Ptf
+
nρ21
6
t− nρ1
2
(
1 +
3κ
2ρ2
)
+
n
(
1 + 3κ2ρ2
)2
2t
.
2) Gaussian lower and upper bounds for the horizontal heat kernel: ([9]) If
ρ1 ≥ 0, then for any 0 < ε < 1 there exists a constant C(ε) = C(n, κ, ρ2, ε) > 0,
which tends to ∞ as ε→ 0+, such that for every x, y ∈M and t > 0 one has
C(ε)−1
µ(B(x,
√
t))
exp
(
−Dd(x, y)
2
n(4− ε)t
)
≤ p(x, y, t) ≤ C(ε)
µ(B(x,
√
t))
exp
(
−d(x, y)
2
(4 + ε)t
)
.
Here D =
(
1 + 3κ2ρ2
)
n and d(x, y) is the sub-Riemannian distance between x and y.
3) Bonnet-Myers theorem: ([11]) Suppose that ρ1 > 0. Then, the manifold M is
compact and the sub-Riemannian diameter of M satisfies the bound
diam M ≤ 2
√
3π
√
κ+ ρ2
ρ1ρ2
(
1 +
3κ
2ρ2
)
n. (5.14)
We mention that in the Bonnet-Myers theorem, the bound
diam M ≤ 2
√
3π
√
κ+ ρ2
ρ1ρ2
(
1 +
3κ
2ρ2
)
n.
is not sharp, as can be checked in some examples like the Hopf fibrations (see [15, 16] for
the computation of the diameters of the Hopf fibrations). This is because the method we
use in [11] is an adaption of the energy-entropy inequality methods developed by Bakry
in [4]. Even in the Riemannian case, Bakry methods are known to lead to non sharp
constants.
Finally, at last, we observe that the methods of [14] can be adapted to the present frame-
work and that the following result can be proved:
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Proposition 5.2 Assume ρ1 > 0. Then the first eigenvalue λ1 of the horizontal Laplacian
−L satisfies
λ1 ≥ ρ1
1− 1n + 3κ4ρ2
.
As a consequence of the Obata theorem proved in [14], this bound is sharp.
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